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Time-evolution properties of a linear Boltzmann collision
operator
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The Netherlands
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Abstract. Some properties of a linear Boltzmann collision operator acting in the L space of
absolutely integrable functions of the velocity are derived. The system considered consists
of particles moving in a dilute equilibrium gas. The case of a constant accelerating force
acting upon the particles (as encountered in electron swarm experiments) is also studied. It
is found that the collision operator is a dissipative operator which generates a strongly
continuous contraction semi-group. It is also shown that the time evolution leaves the
positivity and normalisation of the distribution function invariant.

1. Introduction

In the present work we study the properties of the linearised collision operator J for a
binary mixture of dilute gases made up of point particles. It is assumed that the
concentration of the first component (1) is so low that the second component (2)
remains in equilibrium. Typical examples of this situation are encountered in electron
and ion swarm experiments.

The time dependence of the distribution function f1(x, 1, ¢) of the first component is
supposed to be described by the linearised Boltzmann equation for a spatially infinite
system;

(8¢ + 010, + a3, )f1(x, v1, 1) = (Jf1)(x, vy, 1). (1.1)

Here x and ¢ are the space and time variables, v, is the velocity variable for component
1 and J is the linearised collision operator. In swarm experiments a constant
homogeneous electric field is applied to the system. This gives rise to a constant
acceleration a.

The interest in (1.1) lies in its use for the description of irreversible processes in
dilute gases. Since the irreversible behaviour enters through the collision operator J in
(1.1) it is important to study its properties such as the location of its spectrum and its
dissipative nature.

The usual procedure is to put the problem in a Hilbert space setting by means of the
following procedure: f; is written as

fl(x: Uy, t)=f(10)(vl)¢(x9 U1, t)’ (1~2)
where £i” is the Maxwell-Boltzmann distribution function taken at the temperature T
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of the second component (k is Boltzmann’s constant and #1; the mass of a particle of
component 1).

O (0y) =[my/ Rk T)P'? exp[~mv1/(2kT)]. (1.3)

The inner product

(@, 7) =j doy £ () D) F(f1) (1.4)

defines a Hilbert space #. The collision operator C acting in # is now defined by the
relation

JF=Jd=f"Co. i1.5)

C is a non-positive, densely defined, symmetric operator. It follows that C has a
self-adjeint extension C acting in %. Now the well developed apparatus of Hilbert
space operator theory can be applied in order to study the properties of C. This has
been done in the past for related problems where the interaction between the particles
was taken to be a repulsive power potential (Pao 1974). Within the context of neutron
thermalisation problems, hard sphere interactions have also been considered (Kuscer
and Corngold 1965). In the first case an additional complication arises since the
classical total cross section is not finite for repulsive power potentials.

The above approach leaves something to be desired. The reason is that the topology
of the Hilbert space # is not the natural one for the present situation (see also the
remarks made by Uhlenbeck and Ford (1963, p 88)). Clearly the choice of a topology
for the underlying function space should be based upon physical considerations. Let us
therefore consider the number density #1(x, f) of component 1 as given by

ni(x, t)=“’dl’1f1(-\% v, 1) {1.6)

Let V be a volume in coordinate space with finite Lebesgue measure (V). The
average number of particles of type 1 to be found in V at time ¢ is

Nv(f)='[ dxnl(x, t). (17)
v

Since Ny must be finite for such V it follows that f should be Lebesgue-integrable over
v and locally Lebesgue-integrable over x. Thus, in order to give (1.1) a meaning it is
necessary to introduce a topology consistent with the above integrability conditions.
The integrability over v causes no problems; we have to require that f as a function of v
is absolutely integrable, i.e. an element of LYR?, dv) in the absence of any x depen-
dence. This is the case in spatially homogeneous systems. Since J only acts on the
velocity variable, a system will remain spatially homogeneous once this is the case at
some initial time. This situation is not altered by the presence of an acceleration term
a +dv, with a independent of x.

Another simplifying situation is that of a finite number of particles of type 1. Then
the local integrability over x can be replaced by global integrability. fi(x, vy, 1) e
LI(RG, dov; dx). In fact the experimental situation encountered in swarm experiments
can be of this type. At some initial time a finite number of electrons is introduced (for
instance by photoionisation caused by a pulse of photons produced by a laser). Aslong
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as no secondary electrons are produced by collisions with the atoms or molecules of
component 2 or electrons are captured by these particles, the number of electrons will
remain constant. Of course no stationary situation can build up in this way; the electron
density will eventually decay to zero.

In the general case f;(x, v;) is, upon integration over v, mapped into the space & of
locally integrable functions of x, i.e. f; € L'(%¥, R®, dv;). & can be topologised by means
of a suitable set of semi-norms so that it becomes a Fréchet space. This procecure is
entirely compatible with the physical situation at hand, but unfortunately the theory of
spaces of the type LY%, R, dv) is not well developed.

The situation is different if & is a Banach space (Dunford and Schwartz 1957,
chap IV). Of course, other approaches are possible, for instance by imposing suitable
initial or boundary conditions. Then, however, we are no longer dealing with the
general infinite space problem.

It will be clear that, whatever the situation is, it makes sense to study the properties
of J or, in the presence of an accelerating force, J(a) =J —a v, as an operator in the
Banach space = L'(R?, dv:). This corresponds to the study of C in %, but as discussed
in the foregoing the choice of topology made here seems to have a better physical
motivation. Also, as mentioned in § 3, serious problems occur with this approach if a
non-vanishing acceleration term is present in (1.1).

Throughout this work we assume that the differential cross section o (g, g') (see § 2)
entering into the collision operator J is an essentially bounded measurable function of g
and g'. As a consequence the total cross section is finite almost everywhere. We also
make the usual assumption that o (g, g') possesses the symmetry property o(g, g') =
o(g', 8)

In § 2 we study the existence problem of the collision operator J and its adjoint J*,
whereas in § 3 we show that these operators (and also J(a) =J —a 9, and its adjoint)
are dissipative operators which generate strongly continuous contraction semi-groups.
There it is also found that the positivity and normalisation of the distribution function
f1(p1) are preserved in time.

In order to obtain these results use has been made of the notion of a semi-inner
product (Lumer 1961). Thus it becomes possible to define the numerical range of an
operator in a general Banach space and to define a dissipative operator in terms of the
properties of its numerical range. Further results by Lumer and Phillips (1961) then
connect dissipative operators with generators of strongly continuous contraction semi-
groups.

For the various matheinatical concepts used in these sections we refer to Dunford
and Schwartz (1957), Hille and Phillips (1957), Kato (1966) and Yosida (1966). The
relevant physical literature concerning the Boltzmann equation can be found in
Chapman and Cowling (1970) and Waldmann (1958).

2. The existence of J and J*
Let = L'(R? dv;) be the space of complex integrable functions of v; € R®. Its dual

space is ¥* =L (R’, dv,), the space of Lebesgue measurable essentially bounded
functions. Let fe Z and ¢ € £*. Their respective norms are

1= [ deilf@al 6l =ess supl (o)l @.1)
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A bounded linear functional ®(f), f e & can be represented as

()= [ do: fle0 (o) =(f, ) 22)
where ¢ is an element of £*. Note that (f, ¢) is linear in its first entry and conjugate

linear in its second. The Hilbert space 5 introduced in § 1 is # = LR, f(lo)(vl) doy).
f(lm(vl) as given by (1.3) is a positive element of L3R, dv,) and

171 = [ dor A2 e =1. (2.3)

We denote the norm on % by ||l = (s, ¢)'%, ¢ € &.
Let ¢ € #*. Then

1616 = [ do: £ wlo @R < IR L = Il
so that ¢ € #. Now let ¢ € . Then

1/2

(AR =J doy 71 (01)]é (v1)] < (J do; £ (v1)|¢(vx)12)

(] aes00)

ie. for ¢ € ¥, V¢ € 2 We summarise these results in the following proposition.

1/

=l

Proposition 2.1. *c ¥ ie. e X*DdeH. Also pecH >V e and ||f Vol =<
o]z =<l o

The explicit form of the collision operator J is given by

U= [ do: [ d0pgo(@:8) [ DA~ @) (24

Here f(zo) (v2) is the Maxwell-Boltzmann distribution function at the temperature T of
the second component

2 (02) = nalma/ 2wk )} expl—mav2/(2kT)). (2.5)

Here k is Boltzmann’s constant, n, the uniform density of component 2 and m,; is the
mass of a particle of component j. In (2.4) primed variables have their usual meaning as
post-collisional velocities. g =v;—v,, g' =0} —v3 and o(g; g') is the differential cross
section for mutual scattering of particles of type 1 and type 2. Momentum and energy
conservation lead to the relations

Mo+ Mot = miv1 +movs, g=g. (2.6)

The integral | (), is over the angles of g’. We can write (2.4) as

A =j dv’ K (01, 0))f1(00) — v(01)fi(01). 2.7)

Here

v(vy) = J dv |01 — va|oelv1 — 02FS (02), (2.8)



Boltzmann collision operator 1163

where the total cross section is given by

rorlg) = j d0,o(g; 8). 2.9)

Furthermore (see Waldmann 1958, § 30)

K(oy, 0}) = j dv, o(g; 85 (g~ kg1 (v)). (2.10)

As shown in the Appendix, we can write
K (01, 01) = n26(01, 01)(28)(a/7)""* exp[—a AX (A% +A-v1)°]  (2.11)
where a = m,/QkT), A=[(m,+m;)/(2ms)] (v1—v1) and

51, ) = () 7) J' duy du, expl—a (1 +ud)].

o (U + 011, Uz + 012, A; UL+ 011, U2+ 012, —A). (2.12)

Here v; is the jth component of v;. For a classical hard sphere interaction o (v, v1)=
o is independent of the velocities, in which case

Ghs = Ohss

Kins(D1, 01) = n201s(28) (a/m)"/? exp[-a A2 (A% + A 01)?] (2.13)
and

(1) = 2n20ns(a )"0, j dw exp(—aw?)
0

+o7! J dw w? exp(—aw?)+a ™’ exp(-—avf)). (2.14)
(4]
Thus

Vs(01) ~ 2n20s01, v >0, (2.15)

An easy computation shows that 9, vss(v;) = 0 so that vys(v1) is an increasing function of
v, with minimum

v(0) = 2n20m(ma) 2. (2.16)

As mentioned in the Introduction, we confine ourselves to systems with finite differen-
tial and total cross sections. Thus » and K, the operators associated with the multi-
plicative function v(v;) and the kernel K (vy, v7) respectively, have a meaning as
separate objects (contrary to the classical repulsive power case where the total cross
section does not exist). Nevertheless, as brought out by the example of hard spheres,
these operators need not be bounded. (The operator vy, (v1) is clearly unbounded.) This
raises the question whether (2.4) and (2.7) make any sense at all. In order to proceed, it
is convenient to consider the action of » and K on simple functions. In our case these
functions are the finitely valued (values aj, . . ., a,) functions f(v) from R’ to C with
B, ={v|f(v) = a;} Lebesgue measurable. Thus, if ys denotes the characteristic function
for the set B the simple functions can be written as

n

f(®)= Y, axz,(v). 2.17)
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Without loss of generality we may assume that B; has non-zero Lebesgue measure. The
simple functions form a dense set in L°(R%, dv), 1<p <. (For 1< p <00 see Dunford
and Schwartz (1957, p 105) and for p =cc see Yosida (1966, p 118).) The subset of
simple functions with bounded support (so that f(v) =0 for v =|v|>p for some finite
positive p) will be referred to as the set of b-simple functions. The b-simple functions
are dense in L?(R’, dv), 1< p <o but not in L*(R?, dv).

Proposition 2.2. Let M <F* be the linear subset M ={¢eZ*=L"(R’,dv)|
lim, o €88 Sup,>,|@(v)|=0}. Then

(a)  is a closed subspace of Z*.

(b) The b-simple functions are dense in ..

{(c) & can be associated with a closed linear subspace % of #* by defining (¢ € 4,

fe%) @(¢)=(, ). In addition |®/|=sup{(s, /)], € 4, |éllx =1} =|1l:.

Proof.

(a) Let {¢,} < # be a Cauchy sequence with respect to the norm-topology in £*.
Then ¢,~> ¢ € Z*. For almost every v we have |¢(v)|<|@d(v)—dn(v)|+]|on(v)|<
lé = @nlio + |, (v)]. For given & >0 there is an no = no(e ) such that the first term on the
right is smaller than ¢ for # > n,. Keeping n > n, fixed from now on, we can now make
the second term on the right smaller than £ (for almost every v) by taking v sufficiently
large. Thus ¢ € 4.

(b) For given ¢(v)e M let ¢,(v)=¢(v), v<p and ¢,(v)=0 for v>p. Then
llbllo <, llo + i@ — @,llo- The last term on the right can be made arbitrarily small by
taking p sufficiently large. Keeping p fixed from now on, we can find a b-simple function
¢ which vanishes for v > p and for which ||, — || is arbitrarily small. Thus ||¢ — /|| <
lé — @,llo + i, — il and the right-hand side can be made arbitrarily small.

(©) Clearly |®(¢)| = (¢, NI <llllollfll: s0 that [|Bfl<|Ifl1. Let ¢(v)=F(v)/|f(v)|
for v with f(v)# 0 and let ¢;(v) =0 otherwise. Further, let G,(v)=1 for v<n and
G.(v)=0forv>n,n=1,2,3.... Then ¢,.(v)= G,(v)ds(v) is contained in .# and
[#nllo=1. Now

@/l =sup|®(¢)| = sup Jdv G (v)ds(0)f () =supf do [f(©) =]l
so that we must have ||®;|=||f];. From this result it is clear that % is closed. In the

following we shall no longer distinguish between X and & if no confusion can arise.

We now return to the operators v and K. Let f(v,) be b-simple. Thus f vanishes for
v>p for some p >0. Let |loodlo = {55 sup oit(g), g =0}. Then

v(01) <||Trorlo J dv2ivl - Uzlf(zo) (v2) (2.18)
and
o7l <lorale{ sup | o Ios =02l £ 02 11 219)

Since the right-hand side of (2.19) is finite it follows that the b-simple functions are in
the domain of », i.e. v is densely defined. It is straightforward to show, by making
estimates of the type (2.18), that »(v) is continuous. The maximal domain of v is
D(v)={feZ|vfeZ}. Since v(v) =0 the operator (1 + »)"! is a bounded multiplication
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operator in & Consequently 1+» and hence v with domain @(») is closed. K
possesses the property (see the Appendix)

J dv K (v, v') = v(0"). (2.20)

Thus, for f(v)e @(v),
K71 = [ do| [ do’ K@, 0)f(o)

sJ' do | do’ K (v, v")|f(v")|

=J dv"[ do K (v, o)) = Il (2.21)

Here the Fubini-Fonelli theorem was used in order to interchange the integrations.
Since K (v, v') is non-negative, equality in (2.21) holds for non-negative f(v). Thus K is
relatively »-bounded with relative bound one. We conclude that

J=K-y, DI =D(v), (2.22)

is well defined. If » is bounded it follows from (2.21) that K is bounded as well and
hence J is bounded. In general, however, J may not even be closed.
It follows from (2.20) that for fe Z(J)

de(Jf)(v)={f, 1)=0. (2.23)

The physics behind this is that no particles of component 1 are created or annihilated
during collisions. Since J is densely defined it follows that it has a uniquely defined
closed adjoint J* acting in £*. For fe @(J) and ¢ € Z(J*) we have

Jf, &)=(f,T*®). (2.24)

Now let fe@(J) and let ¢ be b-simple. Using the Fubini~Tonelli theorem and
relabelling the variables (v & v'), we obtain

Jf, p)= J dv(J' dv' K (v, v")f(v)$ (v)— V(v)f(v))<5(v)
~[ a0 [ ao ko, v')f(v')$(v)—J do v (0)f(0) ()

= [ ar)([ av K @', 016 (0) - @16 (0))
= T'®), (2.25)

where
(J'¢)(v)=f dov’' K(v', v)¢(v") —v(v)d(v). (2.26)

Since ¢ (v) vanishes for v larger than some p > 0 and v(v) is continuous it follows that
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v e M. Also

U dv' K (v, v)qb(v’)l

<[l |

v

dov' K(v', v)
P

< oty + o) e/ m) el | vt oo (2.27)
v'=<p
where [|#]o = sup ¢(v, ¢'); v, v' € R*. Since the right-hand side tends to zero for large v,
we conclude that J'¢ € A for b-simple ¢. Thus J'y, the restriction of J' to # with the
b-simple functions as domain, is densely defined in .. Since J' = J* it follows that J* is
defined on a dense set in /. According to (2.23) J* is also defined when acting upon the
constant functions from £* and J*¢ = 0 for such ¢. Itis not clear, however, whether or
not J*isin general defined on adense setin £*. (This is, of course, the case for bounded
Jand J*.) If J* is densely defined then J is closable (Kato 1966, chap 3, theorem 5.28).
InfactJ is closable but we have to follow a more roundabout way to arrive at this result.
Let J% be the restriction of J* to J ie. its domain is ZUJ%)=
{pe DT NMT*P e M}, T% is closed along with J* as is easily checked. J', = J% so
that J% is densely defined in . It follows that its adjoint (J%)* exists as a closed
operator acting in #*. Let fe P(J)c X < M* and let ¢ € D(J)y) (i.e. ¢ is b-simple).
Then
Jf, d)={(f, Jud), (2.28)

i.e. J and J4 are adjoint to each other. Thus J is a restriction of (J 4 )* (Kato 1966,
p 167). Since & is a closed subspace of . * it now follows that J has a closed extension J
actingin & Conversely, since J is densely defined in & and J and J  are adjoint to each
other J/y is a restriction of J*. Since / is a closed subspace of #*, J'4 has a closure J 'y
acting in # and its maximal closed extension is J%. Thus we arrive at:

Proposition 2.3. J is a densely defined, closable operator. We denote its closure (i.e. its
smallest closed extension) by J. The domain of J* at least contains the linear span of the
constant function and the b-simple functions. J/, is closable in 4 with maximal closed
extension J%.

Corollary 2.1. The spectra o(J) and o (J*) coincide. Isolated eigenvalues of J of finite
multiplicity are also eigenvalues of J* with the same algebraic and geometric multi-
plicities (and vice versa).

Proof. Since J and J* are real operators (i.e. (ff)ﬁvl) = j f(v1)) their spectra are
invariant under complex conjugation (i.e. A e c(J)& A e ¢(J)). The rest follows from
{Kato 1966, chap 3, theorem 6.22 and remark 6.23).

Remark. 2(J) may be larger than 2(») due to cancellation effects between K and ».
This in fact happens with J*. Since (1+2) " H*@w)=(1+»(v))"" is bounded as an
operator actingin %, v* is closed. For v{(v) tending to infinity with v (hard sphere case),
do=1 is not contained in @ (»*) although poc D{J™).

Lemma 2.1. Let ¢ € L°(R® dv). Then "¢ e D(J) and ¢ € D(C).
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Proof. In all cases that we consider »(v) grows at most linearly with v. Thus

2 (0)r(v)p(v) € X and [of Vs <|blolltf . Thus £ € D(v) and hence in D).
The operator C is defined through

) (v) = J dv’ K (v, v")fY¥ (0) (v") —v(0)f (0)d (v)

=11 (0)(Ch)(v). (2.29)
Since, as is easily checked,
Lv,v)=K(v, v")fO @) =f>®)K (@', v)=L(v', v) (2.30)
we have
(C8)o)= [ av' K@, )6 (0) - ()6 @) (2.31)
Now

Il = | dofw)w ()16 (o) < IvBlel <co,

whereas for

g(v) =J dv' K(v', v)é(v")
we have

5@ <l [ dv’ K (o', 0) = o0,
i.e. ge ¥ Thus Cp e ¥ for ¢ € L°(R?, dv).

Using the symmetry relation (2.30) for L and the Fubini-Tonelli theorem, we obtain

(€6,6)= [ do )| do' K@, 0160~ r(0)8()) 6 )
= [ d0O@) [ av’ K (@', )6 () - B ()16 0)

- j dvj do' L(v', )6 (0) - & (0)}6 ()

—%j dvj do' L(v', v)|é(v")— ¢ (v)]*<0. (2.32)

It can be shown that the L™ functions are dense in #. Thus (2.32) shows that C is
densely defined, non-positive symmetric and consequently has a self-adjoint
extension C.

A comparison of (2.26) and (2.31) shows that J' and C have the same represen-
tation. Thus we can hope to obtain some information about the spectrum of J* from the
fact that C has real non-positive spectrum. Indeed we have:

Proposition 2.4. The eigenvalues of J* and the isolated eigenvalues of J of finite
muitiplicity are real and non-positive.
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Proof. Let ¢ € 2(J*) be an eigenfunction of J* with associated eigenvalue A. Then
TFVd, &)= (0, T* ) =K', )= X(, &).

On the other hand (¢ e Z(JH) = F* <= D(C))
Jf1'd, ¢)=(f'Co, &)= (Cd, ¢) <0,

so that A must be real and non-positive. The remainder follows from corollary 2.1.

3. J generates a contraction semi-group

An important question to be answered in the present context is whether or not J (or
rather its closure J) generates a semi-group acting in &. This means that the equation

3.f (1) =Jf(t) (3.1)
has a solution in & once f € & is specified at some initial time, say at ¢ =0. Then
f(8) = expUn)f(0), (3.2)

where {exp(J?), t =0} is a semi-group of bounded operators acting in &. Our aim will be
to demonstrate that {exp(Jt), ¢ =0} is a contraction semi-group of type Cy, i.e. exp(Jt) is
strongly continuous in ¢ =0 and

lexp(Un]h <1. (3.3)

This is a straightforward matter for {exp(Ct), t =0} acting in 9 since C is non-positive
self-adjoint. One way to ascertain whether or not an operator generates a semi-group is
to study its numerical range. In a Hilbert space the numerical range W(A) of an
operator A is the set of ‘expectation values’ (Af, f), fe @(A),lIfll= 1. Apartfromsome
other conditions to be imposed upon it, A generates a contraction semi-group if W(A)
is contained in the closed left half of the complex plane. This result has been generalised
by Lumer (1961) and Lumer and Phillips (1961) to generators of contraction semi-
groups in Banach spaces. The starting point is the notion of a semi-inner product (sip).
Then a numerical range can be defined in terms of the former. Thus let f, g, & be
contained in a complex Banach space @ with norm ||-|. Then[f, g]is a sip compatible
with the norm in % if

[f+h gl=1f gl+[h gl

[/\fﬁg]zA[f’g]’ AEC’ (3.4)
FA=01 (so that[f, f]>0&f #0), o
s, gll=<Ifl-llgll.

Any Banach space & admits at least one sIP compatible with its norm. Its uniqueness
depends on the precise topological structure of 2.

Let A be an operator acting in # with domain 2(A). Its numerical range is the set of
complex numbers

W(A)={Af, f}; fe 2(A), | fll=1}. (3.5)

A is said to be dissipative with respect to the sip [,]if W(A) is contained in the closed left
half of the complex plane, i.e. the real part of any element of W(A) is non-positive. In
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general W(A), and hence the dissipativity of A, depends upon the specific sip under
consideration. If A generates a strongly continuous contraction semi-group, however,
then A is dissipative with respect to any norm-compatible SIP.

Lemma 3.1. (Lumer and Phillips 1961, 1emma_3.4). Let A be densely defined and
closable with closure (smalle_st closed extension) A. If A is dissipative then there exists a
sip in & relative to which A is dissipative.

Lumer and Phillips (1961, theorem 3.1) have shown that if A is dissipative, densely
defined and if the range of 1- A is %, then A generates a strongly continuous
contraction semi-group. They further state that a closed, densely defined, dissipative
operator A generates a strongly continuous contraction semi-group if in addition A* is
dissipative. Since we do not have sufficient control over @ (J*), we cannot use these
results directly. It turns out, however, that J and J, are dissipative and that it is
possible to conclude from these results that J generates a strongly continuous contrac-
tion semi-group.

We introduce a stp in & Let f(v) and g(v) be Lebesgue-measurable complex
functions of v € R’. We define o¢(v) by

f(v)=|f(v)les(v) (3.6)

for v with f(v)#0 and we set ¢¢(v)=1 for v with f(v)=0. |f(v)| and ¢s(v) are
measurable along with f(v) and, since |¢;(v)] =1, ¢¢(v)e X*. The sip in & is now
defined by

[/, g =lghs [dof@)bu(o) =leh(f, &) frge® 6.7
It is easily checked that the relations (3.4) hold.
Proposition 3.2. J is dissipative.
Proof. Let fe D(J)=2(v). Then
f, flu =1L, &)

=17ks [ aof [ do’ K (v, 0150 - v 0)f@)) o)
=17k [ do [ av’ (K (v, 0f0) - K (o, 0)f @)1 t0)
=l [ do [ do’ K (0", 0)f(0)[ () - ()]

=lfls [ do [ do' K (@', 0)£(@)Lr(0)F(0) - 11 (38)

Here the Fubini-Tonelli theorem has been applied followed by a relabelling of the
variables (ve>v'). Since |@s(v)d;(v')]=1 we have Re ¢;(v)ds(v')~1<0. K(v',v)
being non-negative, it follows that Re[Jf, f1; <0, i.e. J is dissipative. Since J is its
closure it follows from lemma 3.1 that J is dissipative.
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Remark. 1t is seen from (3.8) that [Jf, f}, vanishes for f with constant phase ¢y, for
instance for f(v)=0.

We now turn to the definition of a sip in Z*. In general it is not easy to give an
explicit expression for this quantity. In the following, however, we only need a sip
[, ¥} for a restricted class of s from &*. Thus let ¢(v) € * be such that there exists
a v, for which |¢(vo)| = |[¢/e. This is certainly the case for simple functions ¢ and for
continuous ¢ from J# (the latter tend to zero for large v). We now define (¢ € ¥*):

Fu(@)=[d, ¥]o= @ (vo)d(v0), (3.9)

which definition makes sense for every ¢ for which ¢ (o) is defined, in particular for
simple and for continuous ¢. It is clear that the relations (3.4) hold.

Proposition 3.3. J'4 is dissipative.

Proof. Let e M be b-simple. We define [¢, ¥]o according to (3.9). Since
fdv’ K(v', v)¢(v') is continuous in v for s-simple ¢ and since v(v)¢(v) is defined in
v = vy (v(v) is continuous), we have

| j av’ K (0", 000 (6') = w00 (w0 ) eo)
- j dv’ K (v, vo)[ (2" — b (00) 1 (w0)

- j do' K (v, vo)[0(0)d(ve) — 0]12).

Since K (v', o) =0 and |¢(v')d(vo)| <|l¢|l% it follows that Re[Jut, ¥lo<0. Jiy is a
(densely defined) restriction of J% and consequently it follows from lemma 3.1 that J,
is dissipative.

Lemma 3.2. Let ¥< & be a non-trivial (l.e. ¥ # &, £# Z) closed linear subspace.
There exists a ¢ € D(J 'y ), ¢ # 0 with {f, ¢) =0 for every fe &.

Proof. Let f be measurable and let P,, p >0 be the projector defined by (P,f)(v) = f(v),
v <p and (P,f)(v) = 0 otherwise. Further, let %, =L'(S(p), dv), where S(p) is the ball
with radius p centred in the origin in R®. Thus Z¥ = L7(S(p), dv). We distinguish two
cases.

(a) p>0withFcZ,. Letp(v)=1for2p <v <3pand&(v)=_0otherwise. Then
¢ (v) fulfils the requirements of the lemma.

(b) Thereis no p >0 suchthat £ < Z,. Then P,.¥ is a non-trivial closed subspace of
%,. (Since |P,fli = ||fli for p - o it follows by taking p sufficiently large that we can
achieve that P,.¥ # (Z.) It is a consequence of the Hahn-Banach theorem that there
exists a non-zero ¢ € Z¥; with (f,¢)=0, Vfe P,.¥. We extend ¢ to ¥* by setting
¢{v)=0, v>p. Now ¢ is contained in D(J'y), |¢)L« =]l # 0 and for every f e £ we
have (f, ¢)=(P,f, P.¢)=0.

Theorem 3.1. J generates a strongly continuous contraction semi-group {U(f)=
exp(Jt), t =0}. Thus f(¢) = U(¢)f is strongly continuous in =0 and |U(7)| < 1.
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Proof. We follow the line of reasoning of the original proof (Lumer and Phillips 1961,
§ 3). Thus we have to ascertain that (1-J)@(J) =&, Suppose that £ =(1-J)@(J) #
%. Since J is closed dissipative with non-zero domain, % is closed and non-empty.
According to lemma 3.2 there is a ¢ € D(J ), ¢ # O such that (1 -J)f, ¢) =0 for every
fe@(J). It follows that (1 —J' )¢ = 0 but this is impossible since J' is dissipative.

Starting from U(t) we can define the adjoint semi-group U*(¢) acting in &¥* by
duality. However, although U*(¢#) is weak*-continuous, it need not be continuous in
the strong topology of £*. This problem has been considered by Hille and Phillips
(1957, ch 14) who introduce a different notion of adjointness, the so-called ©-
adjointness. Thus #°=2 (%)< &* and the restriction J® of J* to Z° generates a
strongly continuous contraction semi-group acting in Z° which coincides with the
restriction of U*(¢) to #°. For bounded J, #° = £* but for unbounded J this may not
be true. Nevertheless, since J* is defined for the b-simple functions and the constant
function, Z° at least contains their clozed linear span.

Theorem 3.2. Let f € & bereal, non-negative (i.e. f(v)=0,v e R®). Then fH)= exp(ft)f
is also real, non-negative and || f(¢)|l; = || fll;.

Proof. ¢o(v)=1 is contained in 2(J®) = ¥* and is an eigenfunction to J® with cor-
responding eigenvalue zero (J ®$0=0). Consequently exp(J®)do=do so that
(f(1), do) = (exp(TD)f, o) = (f, exp(J Do) = (f, do) = fll1 since f is non-negative. Let
(v, £)=f(v, t) for v with f(v, t)=0 and f* (v, t) = 0 otherwise. Further let —f (v, )=
f(v,t)—f"(v,t). (Since J is a real operator f(v, ) is real along with f(v).) Thus
flo,)=f"(v,)—f (v, t) is decomposed into its non-negative and negative parts and

(), ¢0)= [ dof* (v, j dof (0, 0 = O =1 Oll = 1Ah.
On the other hand
Ol =1F Ol 15Ol = | exp Tl <l Al

Consequently if (), =0, i.e. f(v,1)=0 (almost everywhere, to be precise) and

£l =11l

Remark. The function fi(v;) in equation (1.1) is a distribution function, i.e. non-
negative. Theorem 3.2 states that for spatially homogeneous systems this property is
conserved in time. In addition the normalisation is time-independent.

So far we have not included the case that an acceleration term is present. Let us
therefore consider the operator (a is a constant vector)

J@)=J—a-a, (3.10)

which replaces J in (3.1). Our procedure will be basically the same as before. There is
one difference, however. Since the acceleration term contains the derivative d,, we can
no longer make use of a dense set of simple functions. Instead we take a set N of
continuously differentiable functions which is dense in & and in 4. We suppose that
f(v) e ¥ along with f(v) and that f(v) vanishes for sufficiently large v. This implies that
a -3, f(v) also vanishes for large v. (For &/ we may take Cg (R®), the space of infinitely
differentiable functions of compact support.) Thus J{(a) with domain @(J{a))=
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PI)ND(a-ad,) is densely defined since each f € is contained in @ (J(a)). It follows
that J*(a) exists as a closed operator acting in £*. Since ¢ € ¥ vanishes for large v, J'¢
is contained in /. Also a -d,¢ vanishes for large v, i.e. a-9,¢ € M. Thus

J'(@)u=J+a-d, (3.11)
with domain . is densely defined in /. Let fe @(J(a)) and ¢ € . Then
J(@)f, d)=(f,(J'+a-d,))=(f, I'(@)p)={f, J'(a)) ud) (3.12)

so that (J'(a))# is a restriction of (J*(a))4. In the same way as in § 2 we can now
conclude that J(a) is closable with closure J(a). Of course J and 7(a), a # 0, may have
different domains. This happens for bounded J; 2(J) = & but, since a * 9, is unboun-
ded, 2(J(a))=D(a~d,).

We can repeat the line of reasoning followed in the proofs of propositions 3.2 and
3.3, with the result that [Jf, f]; and [J'y, ¢ ] have non-positive real parts for f, y e V.
Thus it remains to consider [—a *3,f, f}, and [a * 3,4, ¥])w for f, Yy € ¥. We have

(~a-af, fh =1k [ do f-a-.01f@)l1(0)}d ()
~lfhs | do {-a-aul @) =1 f@lla - ouy (00}
=l J dof(v)a - 8,¢¢(v)

~ ks [ do {2, Tl )

=-[-a-a.f. fl, (3.13)
so that (3.13) is purely imaginary as is the case for [a * 3,6, ¢ ]« since
(43,0, #Jo=[a°3.:0(0)]¢®)lov,
=a0,|¢ (V) lomvo—[a* 3B ()16 (V)]0 s,
=—[a-8,6, ¢ 1. (3.14)

(Note that 3,|¢(v)|*|y=s, =0 since |¢(v)| takes on its maximum |¢)e in v =wvo.) It
follows that J(a) and J'x (a) both with domain ./ are dissipative. Since both operators
are closable it follows that their respective closures J(a) and J (@) are also dissipative.
But now theorem 3.1 can be extended.

Theorem 3.3. Theorem 3.1 holds with J replaced by J(a).

Since ¢o(v) =1 isstill an eigenfunction of J*(a) with corresponding eigenvalue zero,
we can repeat the line of reasoning that resulted in theorem 3.2, i.e.

Theorem 3.4. Theorem 3.2 holds with J replaced by J(a).
Remark. The fact that —a - 9, has purely imaginary numerical range is connected with

the fact that this operator generates a group of norm-preserving operators in € and &*
respectively (Lumer 1964).
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Remark. At this point we would have run into serious problems if we had tried to treat
the corresponding extension C(a) of C acting in #. C(a) would have taken the form

C@a)=C—-a+d,,+ma-v,/(kT)

and the operator —a 9, +ma *v1/(kT) has a spectrum that covers the whole complex
plane.

Since zero is an eigenvalue of J*(a) it is also a point of the spectrum of J(a), but it is
not necessarily an eigenvalue (£ is not an eigenfunction for this eigenvalue; Jf”> =0
but —a - 8, f” #0). It can be shown that J(a) does not have the eigenvalue zero for the
fixed scatterer (Lorentz) model. In general the question can be raised whether or not
f(t) = exp[J(a)t]f tends to a limit for large . Here we touch upon the question of the
long time or ergodic behaviour of f(¢) which is in general a complicated matter. We
hope to come back to this problem on another occasion.

4. Discussion

In the present work we have shown that the theory of semi-inner product spaces can
conveniently be used to demonstrate that for spatially homogeneous systems the
Boltzmann equation (1.1) makes sense as an evolution equation acting in the space of
absolutely integrable functions of velocity. We also found that the positivity and
normalisation of the distribution function are conserved in time.

We did not study the spectral properties of the collision operator J. Our only result
in this direction is proposition 2.4 where we stated that discrete eigenvalues of J* are
real. We would expect, however, that the full spectrum of J (and hence of J*) is real
non-positive. This property can indeed be established for a large class of cross sections
o(g; g’} and we intend to discuss these matters in a future publication.
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Appendix

According to equation (2.6),

K(oy, v}) = j do, o(g; 8)8Ge® ~ g/ m)*"2 exp(=avi?). (A1)



1174 A Tip

We set

g=w+A, g'=w-A, (A.2)
Momentum conservation (equation (2.6)) yields

vy =2+ (my/ma)(v1—v1) (A.3)
so that (M =m, + m,)

A=[M/2my)](v:—v1), w=0,-0,-A=0} 05 +A. (A.4)
Thus

Ko, v}) = j dwo(w+A, w—A)52A w)a/m)" expl—a(w — v} — A, (A5)

Taking A parallel to the Z axis we have vy; = viy, v12= 01, and §(2A - w) = (24) '8(ws)
and we obtain

K(v1, v7)=G(v1, 01)(248) (a/7) ' exp[~aAT2 (A’ +A 01))]  (A6)

with &(p1, v1) given by equation (2.8).
Furthermore we find by changing the integration variables from v, and v, to g and
vs that

J dv; K (v, v1)
= [ dv. dv o(g, 815 4e> - 38/ (03)
= f dg dv} o (g, g)8Gg” —1g")fY (vh)

=j ) /o8 () = v (v}) (A7)

which is equation (2.15).
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